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Abstract 

Using methods of R.J.Tauer we exhibit an uncountable family 
of singular masas in the hyperfinite IIi factor R all with Pukanszky 
invariant {1}, no pair of which are conjugate by an automorphism of 
R. This is done by introducing an invariant T{A) for a masa A in 
a III factor N as the maximal size of a projection e € A for which 
Ae contains non-trivial centralising sequences for eNe. The masas 
produced give rise to a continuous map from the interval [0, 1] into the 
singular masas in R equiped with the doo,2-metric. 

A result is also given showing that the Pukanszky invariant pi] is 
rfoo,2-upper semi-continuous. As a consequence, the sets of masas with 
Pukanszky invariant {n} are all closed. 

1 Introduction 

The study of maximal abelian self-adjoint von Neumann subalgebras (masas) 
in III factors dates back to J.Dixmier in 1954, who classified them using 
normalisers. Given a masa ^ in a IIi factor A'^, the normaliser group M (A) 
consists of all the unitaries u & N with uAu* = A. The masa A is Cartan 
if this normaliser group generates as a von Neumann algebra whereas at 
the other end of the spectrum, A is called singular if M (A) C A. 

Given two Cartan masas A and B in the hyperfinite IIi factor R, there 
is an automorphism 9 of R with 9{A) = B (jSl)- We say that masas A and 
B with this last property are conjugate via an automorphism of R. The 
most sucessful invariant for distinguishing between non-conjugate singular 
masas is that of L. Pukanszky |TTj, which he used to give countably many 
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pairwise non-conjugate singular masas in R. More recently, E.St0rmer and 
S.Neshveyev jH] have used the Pukanszky invariant to exhibit uncountably 
many pairwise non-conjugate singular masas in R and they also give two 
non-conjugate singular masas in R with the same Pukanskzy invariant. One 
of our objectives here is to produce uncountably main non-conjugate singular 
masas in the hyperfinite IIi factor with the same Pukanszky invariant. This 
result, stated formally as Theorem II. II below, follows directly from Theorem 

o 

Theorem 1.1. There exist uncountably many singular masas in the hyper- 
finite III factor R, each with Pukanszky invariant {!}, such that no pair of 
these masas is conjugate by an automorphism of R. 

To show the non-conjugacy of pairs of masas we look for non-trivial cen- 
tralising sequences for R lying in these masas — the idea used by St0rmer 
and Neshveyev in |^ to distinguish between two singular masas with Pukan- 
szky invariant {!}. The presence of non-trivial centralising sequences inside 
masas has also been used by A.Connes and V.Jones ^ to give a factor con- 
taining two non-conjugate Cartan masas, and by V.Jones and S.Popa in 
the context of non-conjugate semi-regular masas whose normalisers generate 
the same irreducible subfactor of R. 

There is a natural metric, doo,2, on the space of all masas of a IIi factor. 
The uncountably many masas we shall produce for Theorem 11.11 will 
actually give us a continuous map from the unit interval, [0, 1] into this 
metric space — a continuous path of pairwise non-conjugate singular masas. 

In the next section we state some background, defining the metric (ioo,2, 
the Pukanszky invariant and Tauer masas. In section |31 we discuss the be- 
haviour of the Pukanskzy invariant on limits of sequences of masas, showing 
that it is upper semicontinous and that the sets of masas with invariant {n} 
are all closed f Theorem l,S.2| Corollarv l,S.,Sp . Next, in section ^ we define a 
F-invariant for masas using centralising sequences and establish some basic 
properties for later use. It is this invariant we use in section El to show the 
non-conjugacy of the masas we construct to establish Theorem 15. H the main 
result of the paper. The work in this paper forms part of sections 3.1 and 
3.3 of the second authors PhD thesis [15j. 

2 Preliminaries 

Let A'' be a IIi factor. Write tr for the faithful normal trace on N , and 
let ||x||2 = tr(x*x)^/^ be the Hilbert space norm induced on N by tr. Write 
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L?'{N) for the completion of N in this norm. Given a hnear map <I> : A'^i ^ 
between two IIi factors write ||$|ioo2 fo'^ norm of $ regarded as a map 
from iVi into L'^{N2) [T2|, that is 

ll^lloo,2 = SUp{ ||^>(x)||2|x G iVl, 11x11 < 1}. 

Given a von Neumann subalgebra M of A^, let Em be the unique trace- 
preserving normal conditional expectation from onto M. This conditional 
expectation is obtained by restricting to N the orthogonal projection cm 
from L?'{N) onto L?'{M). In [TOj a metric, doo,2, is introduced on the set of 
all von Neumann subalgebras of N , by 

(ioo,2(Mi,M2) = ||Emi - IEa/2|Ioo,2 • 

This metric is equivalent to an older metric of E.Christensen defined in 0. 
As a consequence the set of all von Neumann subalgebras equipped with 
doo,2 is a complete metric space, and the subsets of all masas, all singular 
masas, all subfactors and all irreduicble subfactors are closed, (2]. 

To define the Pukanskzy invariant |TTj of a masa in the separable IIi fac- 
tor A'', we form the standard representation of N acting by left multplication 
on L?'{N). Let J denote the modular conjugation operator on L?'{N) given 
by extending x ^ x* from A^. For each x G N, JxJ is the operator of right 
mutiplication by x* and x i— > JxJ is a conjugate linear anti-isomorphism of 
A'" onto A^'. Given a masa A in A^, let A = {AU JAJ)" — an abelian von 
Neumann subalgebra of B(L^(A")), so that A' is type I. The orthogonal 
projection ca from L'^{N) onto L'^{A) lies in A and A'eA = AeA = Aca 
— an abelian algebra. The Pukanszky invariant is obtained by taking the 
type decomposition of ^'(1 — e^). More formally, Puk (^) is the subset of 
N U {oo} consisting of all those n for which there is a non-zero projection 
p < 1 — eA A such that A'p is type In 

We shall use the methods of R.J.Tauer ^3] to construct masas in the 
hyperfinite IIi factor R. The second author introduced the concept of a 
Tauer masa in R in ^J^]. A masa A in is said to be a Tauer masa if there 
exists an increasing chain {Nn)^^i of matrix algebras with (U^i ^n)" = 
such that A n Nn is a masa in for each n. In this case we write An for 
A n Nn and say for emphasis that A is Tauer with respect to {Nn)^^i ■ Tauer 
masas have Pukanszky invariant {!}, ^1 Theorem 4.1]. Chains {Nn)^^i 
of matrix algebras in R can always be realised as a tensor products. More 
formally, there are finite dimensional subfactors {Mm)m=i of R such that we 
have Nn = (S)m=i for each n. We use the notation of ^J^] to consider 
the inclusions A^ C An2 of approximates of a Tauer masa A with respect 
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to the chain (A^„)5^^. Let 'Pmm(^ni) denote the set of minimal projections 
of . The finite dimensional approximation An^ can then be written as 

An,= e^Al^l^^, (2.1) 

eGPmin(^ni) 

for some masas A^nl^ in Mm- 

In ^1 Theorem 3.2] a technical criteron was given for a Tauer masa to 
be singular in terms of these An2,ni ■ We use part of this calculation, which 
is essentially Proposition 3.5 of ITSJ; the exact statement given can be found 
as Proposition 2.2.2 of [15]. 

Proposition 2.1. Let A be a Tauer masa in R with respect to the subf actors 
(^n)5?Li- If for infinitely many ni G N, each minimal projection e of A^^ 
and e > 0, there is an n2 > ni and a unitary Wf. G Anl^m with 
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for every minimal projection f ^ e in A^^ , then A is singular. 

3 Semi-continuity of the Pukanszky invariant 

The key tool in determining the limiting behaviour of the Pukanskzy invari- 
ant on sequences of masas is a perturbation theorem for subalgebras of a IIi 
factor ^01 Theorem 6.5], which we state below for the convenience of the 
reader. 

Theorem 3.1 ( \10\ Theorem 6.5 (ii)]). If A and B are masas in a sepa- 
rable III factor N with doo,2{A, B) < e, then there are projections p € A and 
q & B, and a unitary u ^ N satisfying 

• u{Bq)u* = Ap; 

• ||n-Eij(u)||2 <45e; 

• tr{p) = tr{q) > 1 - {lf>ef . 

Theorem 3.2. Let A^ be a sequence of masas in a separable IIi factor N 
converging in the doo,2-Tnetric to a von Neumann subalgebra B of N. This 
B is a masa in N, and 



Puk{B) C Q p] Puk{An) . (3.1) 



r=l n=r 
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Proof. That the set of masas is doo,2-closed is due to E.Christensen in 0. 
For each n, we apply Theorem 13. II to the pair {An,B) to obtain projections 
Pn ^ An, Qn & B and a unitary Un € N satisfying the conditions of the 
theorem. Take Bn = u^AnUn — a masa in which has Bnqn = Bq^ by 
the first property of Theorem 13.11 

As An converges to B in doo,2, the last property of Theorem 13 . II ensures 
that 

lim ||1 — qnWo = 0- 

ra— >oo 

For any x & N, 

\\qnJqnJx x\\2 — \\qnXqn •^112 — ll^n^^ •^112 ~^ Wqui^qn '^)|l2 

< \\Qn - III2 (Ikll + Ikn^^ll) 
— ^ 1 1 1 1 II 9n 1 1 1 2 ' 

SO that the projections qnJq-aJ in S„ fl converge strongly to 1, by density 
of in L'^{N). 

Given some m G Puk(i?), there must be a central projection f £ B = 
B' r\B with / < 1 — cb, such that B'f is of type Im- As qnJqnJf converges 
strongly to / we must have qnJqnJf for sufficiently large n, those with 
n > rii say. Now 

B'nqnJqnJ = B'qnJqnJ, 

a type I von Neumann algebra with centre BnqnJq-nJ = ^q-aJq-nJ ■ For 
n>ni, qnJq-nJ f is a non-zero projection in this centre, and B'nqnJqnJ f is 
then a central cutdown of B' f, so a type Im von Neumann algebra. 

Observe that g„ and Jg„J commute with both es and eB„, as g„ G i? PI 
Bn. We also have qneB„ = qnes and JqnJeB„ = JqnJeB, as Bnqn = Bqn. 
In this way, qnJq-nJf < 1 — es„, so that m G Puk (Bn), for n > ni. As Bn 
and An are unitarily equivalent, m S Puk (A„) for all n > ni, exactly as 
required. □ 

In the special case when the Pukanszky invariant of each An is {n}, the 
only possibility for the Pukanszky invariant of the limit masa B is also {n}. 

Corollary 3.3. Let N be a separable IIi factor. For each n € N U {oo}, the 
set of all masas with Pukanszky invariant {n} is doo,2-closed. 

In general we do not have equality in (|3.H1 . 

Example 3.4. Let A be a masa in the hyperfinite IIi factor R with Pukan- 
skzy invariant {1}. Take projections p„ 7^ 1 in A with p„ — > 1 strongly. 
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For each n, let Bn be a masa in the hyperfinite IIi factor (1 — — Pn) 

with Pukanszky invariant {2}. The existance of such masas dates back to 
Pukanszky's original examples in fH]. Define 

An = {apn + b\a € A,b £ Bn} , 

which is a masa in R. It is then immediate that c^oo,2(^n.) ^) ^ as n — > cxo 
and that both 1 and 2 lie in Puk{An), for each n. It should be noted that 
we do not know the exact Pukanskzy invariant of these A„, only that 1 and 
2 are members of Puk (An). 

We can also use Theorem l,S .21 to show that the Pukanszky invariant can 
not be used to give a continuous path of non-conjugate singular masas even 
though the cardinality of the set of non-conjugate singular masas is large 
enough. The proof is omited, it can be found in Corollary 3.1.8]. 

Corollary 3.5. Let N be a separable IIi factor. There is no continuous 
map t 1-^ A{t) from [0, 1] into the set of all masas in N equiped with the 
doQ,2-metric such that 1 1— > Puk{A{t)) is injective. 

4 A F- invariant for masas 

To show that all the uncountably many masas we shall produce are pairwise 
non-conjugate via automorphisms of the underlying IIi factor, we introduce 
a conjugacy invariant. 

Definition 4.1. Let ^ be a masa in a IIi factor N. Define T{A) to be the 
supremum of ti{p) over all projections p & A such that Ap contains non- 
trivial centralising sequences for pNp. If T{A) = 0, then we say that A is 
totally non-T. 

Recall that a centralising sequence in a non-empty subset S of a IIi 
factor is a sequence {xn} C B with 

\\xny - yxn\\2 ^ for all y e N. 

The centralising sequence C -B is trivial if there is a sequence {A„} C C 
with \\xn — A„||2 0. 

It is immediate that r(^) is a conjugacy invariant of A, in the sense that 
for an automorphism 9 of we have T{6{A)) = T{A). 

We shall produce masas in a similar fashion to Example 13.41 taking a 
'direct sum' of a F-masa, that is one containing non-trivial centralising se- 
quences for its underlying IIi factor, and a totally non-F masa. The next 
lemma is the tool that allows us to do this. 
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Lemma 4.2. Let A be a masa in a IIi factor N. Suppose that there is a 
projection p & A such that 

• Ap contains non-trivial centralising sequences for pNp; 

• A{1 — p) is totally non-T in (1 —p)N{l —p). 
Then T{A) = tr{p). 

Proof. Take a projection r ^ A such that Ar contains non-trivial centrahsing 
sequences for rNr. To obtain a contradiction, suppose that r ^ p. Let 
{xn)^=i be a non-trivial centralising sequence for rNr in Ar, write Un = 
XnP^ = Xnrp and Zn = Xnr{).—p) so that x„ = Vn+Zn for all n. The sequence 
{zn)'^=i is a centralising sequence of r(l — p)Nr(l — p) and so is trivial by 
hypothesis. Without losing generality, we may assume that Zn = r{l — p) 
for all n. 

Take a partial isometry v & N with v*v < r(l — p) and vv* = po < pr, 
so that ynV = XnV and v = vzn = vxn- Now 

WiVn - 1)P0||2 = WiVn - l)v\\2 = \\XnV - VXn\\2 ^ 0, (4.1) 

as n — > oo. 

By Kadison's Theorem on projections in a masa {f7\) choose orthogonal 
projections {pm)m=i ™ with Pm < pr and tr{pm) < tr(r(l — p)), for each 
m, so that Ylm°=iPm. = P^- Then, by (HHJ), 

mo 

WVn -Pr\\2 = WiVn - 1)P?^||2 < J2 1'*^^" ~ l)Pmll2 ^ 0> 

m=l 

SO that is a trivial centralising sequence. This contradiction ensures 

that r < p and so T{A) = tr(p), as required. □ 

The F-invariant is uniformally continuous with respect to the dco,2-iiietric 
on masas in separable IIi factors. 

Lemma 4.3. For masas A and B in a separable IIi factor N , we have 

\T{A)-T{B)\ < 15doo,2(^,5). 

Proof. Suppose that A and B are masas in N with ^00,2(^1 B) < e. Let u,p 
and q be as in Theorem 13. 11 so that 

111 -PII2 = 111 - 9II2 ^ 15e- 
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Given a projection e & A such that Ae has non-trivial central sequences for 
eNe, take / = uepu* — a projection in Bq with f < q. Since uAepu* = Bf^ 
we can use u to conjugate the centralising sequences for epRep lying in Ae 
into centralising sequences for fRf lying in Bf. Therefore, 

T{B) > tr(ep) = tr(e) - tr(e(l - p)) > tr(e) - ||e||2 ||1 - p\\2 > tr(e) - 15e 

for every such projection e £ A. Hence, 

r{B) > r{A) - 15e. 
By interchanging the roles of A and B we have 

r(^) > r{B) - 15e, 

and these two inequalities combine to give the result. □ 

One might attempt to produce uncountably many non-conjugate singular 
masas in the hyperfinite IIi factor R with Pukanszky invariant {1} by taking 
projections e € i? and singular masas Bi in eRe and B2 in (1 — e)i?(l — e) 
both with Pukanszky invariant {!}, such that Bi is T in eRe and B2 is totally 
non-r in (1 - e)R{l - e). The 'direct-sum' A = { 61 -h 62 | 61 G 5i, 62 G ^2 } 
will be a masa in R with T{A) = tr(e) by Lemma 14.21 Unfortunately, we 
do not have control over the exact Pukanszky invariant of such a masa A, 
all we can say is that 1 G Puk(74). Indeed, there is a masa A in R with 
Puk (^) = { 1,2 } for which there is a projection e € A with tr(e) = 1/2 
such that 

Puk {Ae C eRe) = Puk (^(1 - e) C (1 - e)R{l - e)) = {1}. 

Examples to this effect will be given in subsequent work by the second author. 
In the next section, we get round this problem using Tauer masas to control 
the Pukanskzy invariant of these direct sums. 

5 A continuous path of singular masas 

Here is the main result of this paper, from which Theorem 11.11 follows im- 
mediately. 

Theorem 5.1. There is a map t 1— > A{t), taking each t G [0, 1] to a masa 
A{t) in R such that 

(i) doo,2{A{s),A{t)) ^ as |s - t| ^ 0. 
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(ii) Every A{t) has Pukdnszky invariant {1}. 



(Hi) Each A{t) is singular. 

(iv) T{A{t)) = t, for each t. 

We shall construct Tauer masas, A{t), for a dense set of t in [0, 1] with the 
required properties, then use continuity to produce the required path. The 
construction in the dense set of t is based on a rapidly increasing sequence of 
primes and adjusting the definition of the approximately finite dimensional 
approximating algebras according to t being in suitable ranges of rationals. 

Notation 5.2. Let ki = 2, and for each r > 2 take kr to be a prime 
exceeding ki...kr-i. Let Mr to be the algebra of kr x kr matrices. By 

Theorem 3.2], there is a family CD^-'^^f^^o of pairwise orthogonal 
masas in Mr. Write "^ef^^ for the minimal projections of '^Z)('") indexed by 

1 = 0,1 . . . ,kr — 1. Let Nn be the tensor product (S)r=i ^r- We have the 
natural unital inclusion x i-^ x 1 of Nn inside A''„+i and we work in the 
hyperfinite IIi factor R, obtained as the direct limit of these with respect 
to normalised trace. 

For each n G N write 



In 



m 



' kn 



m = 0,1,2, ki ... k„ 



so that In C In+i, for each n. Let I = (JJ^i In — a dense set of rationals 
in [0, 1]. For each t G /, we will define a Tauer masa A(t) in R with respect 
to the chain where no(t) is the minimal n for which t € /„. 

For each n > no(t), we denote the n-th approximate of A{t) by An{t), and 
enumerate the minimal projections of An{t) as ^fm{t) for < m < A;i . . . kn. 

Construction 5.3. The process begins by defining Aq{0) = Aq{1/2) = 
Ao{l) = with the minimal projections Vm(0) = Vm(l/2) = Vm(l) = 

^e'm coinciding for m = 0,1. For some ni, suppose that we have defined 
An{t) and enumerated the minimal projections ^fm{t), for all t S Im and 
no{t) < n < ni. For t £ 1^, the definition of is split into two cases, 

depending on whether ni is even or odd. 

1. ni is even: Set 

An,+i{t)= -^Uit)®^^+'D(^\ (5.1) 

m=0 
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Enumerate the minimal projections "^^^/m'(i) by dividing m' by km+i 
to obtain m' = kn-^+im + / for some < / < A;„j+i. Now take 

"^+V™'(t) = "V,n(i)®"^+'e!"^). (5.2) 
2. Til is odd: Here we take 

© (5.3) 

r?i=tfci...A;n-^ 

The enumeration of the minimal projections happens in the same way 
as the even ni case. Namely, given < m' < fci . . . write m' = 

mfe„^+i + I for some < / < A;„j+i and set 



ni+l 



fm' (t) 



^Vm(t) ^ "i+ief"-'"^^ < m < tfci . . . A;„, 
'Vm(t) ® "i+iej™^ tfci . . . A;„, < m < A;i . . . 

(5.4) 



It remains to define ^„^+i(t) when t G /m+i \ Im- In this case this is 
the first approximate of the Tauer masa A{t). Write mo = [tki . . . /c^^J and 
define the minimal projections of ^„j-|-i(t) by 



ni+l 



fruit) 



"^+Vm(("^o + l)/ki ...kn,) 0<m<tki... kn,+l 
"'^VmC^lo/^l • • • ^ni) tki . . .kn^+i < m < ki . . .kn^+i 

(5.5) 



Theorem 4.1 of ^1] shows that the Tauer masas constructed above have 
Puk {A{t)) = {1}, which is condition (jnl of Theorem 15. II We now check that 
these masas satisfy conditions and (O of Theorem 15.11 

Lemma 5.4. The Tauer masas A{t) of Construction \5J^ are singular. 

Proof. Fix i G / and let n > no{t) be even. In the notation of (|2.H1 . the even 
stage of Construction 15.31 gives 

A^:^T,i!^\t)=-+'D(^\ 

Take a unitary w S ^+'^Z)("^) with tr(tt;) = 0. When m' ^ m, the orthogo- 
nality of '^+1dM and gives E„+i^(^/) (it;) = 0. The singularity of 
A(t) then follows from Proposition 12.11 □ 
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The next Lemma verifies the hypothesis of Lemma I4.2| so the masas of 
Construction 15.31 have T{A{t)) = t. 

Lemma 5.5. Fix t £ I and write uq for no(t). Let 

P= E (5.6) 

m=0 

a projection in A{t). Then 

1. A{t)p contains non-trivial centralising sequences forpRp; 

2. A{t)(\ -p) is totally non T in (1 - p)R{l -p). 
Proof of 1: Note that 

m=0 

for all n > uq. Fix n > uq odd and consider xi, . . . ,Xr € Nn. Let v G 
n+i]jiki...k„) a unitary with tr(f) = 0. Examining the odd n form of 
Construction 15 .HI we see that 

tki...kn — l 

U= ''fmit)0V=p®veNn<S)Mn+l=Nn+l 

is a trace free unitary in An+i{t)p. It is then immediate that u commutes 
with each pxip, and so A{t)p contains non-trivial centralising sequences for 
pRp by the H-Hg-density of D'^^-^^Nn in R. □ 

We prove part 2 of Lemma 15.51 in two stages. We first establish an 
orthogonality condition which suffices to establish that no Ae can contain 
centralising sequences for eRe, when e < 1 — p is a minimal projection of 
some An{t). A density argument, which contains the proof of an observation 
of Popa (ini Remark 5.4.2], also found in ^ Lemma 2.1]), then completes 
the proof of Lemma 15.51 

Lemma 5.6. Fix t £ I, n > no(t) and m,m' with tki...kn < m < 
m' < ki . . . kn- Let v be a partial isometry in Nn with vv* = and 
v*v = "'fm'it)- Then v{A{t) "/m'(t))u* is orthogonal to A{t) fm{t) in 
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Proof. Fix n > riQ and regard R as Nn Ri, where Ri is generated as 
the infinite von Neumann tensor product ((^^^^^^ Mj.)" with respect to the 
unique normahsed trace. Using the notation of H'2.1\i . for ni > n we have 

k\.. .hji 1 

m=0 

for masas ^nln^*^\t) in (g)pi„+iM,. In this way we obtain Tauer masas 



in so that 



Vni=n+1 



^1 ■ ••^n 1 

m=0 

Now take m,m' and f as in the statement, and note that 

f (t)) (" f lit)) 

so that it suffices to show that Aoo,n (t) and Aoo,n (t) are orthogonal 

masas in Ri. We shall show that A^^fn (t) and ^i"/" '^*^''(*) are orthogonal 
in Mr, for all ni > n, from which the result immediately follows by 

density. 

To this end, note that Construction EIHl gives ^iYrf^^(t) = and 

An+T^^^^\t) = from (EH) when n is even and from Q when n 

is odd. In the latter case, we use the hypothesis that tki . . . kn < m < m' . 
As D^""^ and D^'"') are orthogonal masas in M„+i, the claim holds when 
ni = n + 1. 

Suppose inductively that the claim holds for some ni > n. Write 



and 
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for masas and B^'^''^ ^ in M„j+i. Again, Construction 15 . HI ensures that 

all these masas are pairwise orthogonal. This is immediate from ^5.1^ for 
even ni; when ni is odd we again use the hypothesis tki . . . fc„ < m < m' in 
our examination of ^i^. The orthogonality of Al^/j^^^^^\t) and i*^-* (t) 

follows immediately, yielding the result. □ 

Proof of part 2 of Lemma \5.,'A ' Take t € / and fix some projection 7^ e < 
1—p in A{t). For each n G N, find In > nQ{t) and a family Pn C 'PminiAi„{t)) 
of minimal projections in Ai^{t) lying under 1—p, such that upon writing 

9n = Eggp„ 9, we have 

Ikn - e||2 < 

For each n, take a permutation cr„ of P„ with no fixed points. Take partial 

isometrics in Ni^ with ^;a„(<7),g^^<7„(g),g* = O-n(g) and ?;^„(g),g*'(^a„(g),g = 

q. Define 

a unitary in Ni^ which has x^gx* = crn{q), for every q £ Pn- Observe that 

Xn{Aqn)xl = XniAq)xl = = Va„iq),gAv^„{q)/ 

is orthogonal to 0qgp^ 74(t„((7) = Aqn in qnRQn by Lemma lElH 

Suppose that contains non-trivial centralising sequences for eRe. Find 
a sequence of unitaries Un S A, with tr('u„e) = for each n, and such that 

1 1 GUiYi G-X YiG- GX Yi G-Ufi 6 1 1 2 1 1 C ^7i|l2* 1^*'^^ 

We have the following simple estimate, showing that Unqn asymptotically 
commutes with the qnXnQn- 

QnUnqnXnQn QnXnQnUnqn\\2 

< \\{qn - e)UnqnXnqn\\2 + \\eUn{qn " e)Xnqn\\2 + \\eUneXniqn " e)||2 

+ ||(e - qn)XnqnUnqn\\2 

< 7 ||e - qn\\2 0. 
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On the other hand, using = qnXn we have 

II _ l|2 

II * l|2 

— WQn^n'^nQnXn^n- '^nQn\\2 

= 2 ||g„||2 - 2Ktr(x„n„g„a;*)tr(?i„g„)/tr(g„) 2 ||e||2 / 0, 

where the last hne comes from the orthogonahty of Xn{Aqn)x'^ and Aqn in 
qnRqn — the quotient of tr(g„) appearing as a normahsation constant. The 
convergence is a simple calculation, as 

|tr(u„g„)| < |tr(M„e)| + |tr(M„(g„ - e))| < + ||u„||2 \\qn - e||2 ^ 0. 

This contradiction completes the proof. □ 

For t in the dense subset / of [0, 1], we have singular Tauer masas A{t) 
with T{A{t)) = t. We wish to use completeness to define A{t) for t E [0, 1] \/ 
and so we need to control the distance between the A{t)^s we have already 
defined. It is here that the form of specified in Construction 15.31 

becomes relevant. 

Lemma 5.7. Fix s,t £ I with s <t. Let no be the maximum of no{s) and 
no{t) and take 

q= E ""/,n(s)+ Yl ""/™(^) 

m=0 m=tfci...fc„Q 

a projection of trace l — {t — s). This q lies inA{s)riA{t) and A{s)q = A{t)q. 

Proof. We shall demonstrate that Construction 15.31 ensures that whenever 
we have s,t G I„, then 

= "/mW, (5.8) 

for all m with 

< m < ski ■ ■ - kn or tki . . . kn < m < ki . . . kn- (5-9) 

This will immediately show that q lies in ^(t), as well as A{s). Furthermore, 
as A[s)q and A{t)q are generated by all ^fm{s) and "'/m(i) respectively, 
with n > max{no(s), 'rao(t)} and m satisfying H5.9|l . the claim also implies 
that A(s)q = A{t)q, as required. 
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We proceed by induction on n. When n = 1, the result is certainly true, 
as Construction 15.31 began by defining ^/m(0) = ^/m(l/2) = ^/m(l) for 
m = 0, 1. Suppose that we have established the claim for all n < ni. We 
investigate the ni + 1 situation, starting with the case when s and t both lie 
in ■ 

Take s,t £ In^ with s < t. Take m' with either < m' < ski . . . 
or tki . . . /c„j+i < m' < ki . . . /cm+i, and divide by fcm+i to obtain m' = 
mkn^+i + I with < Z < /cni+i- This m must have < m < sfci . . . A;„^ 
in the first case or tki . . . k^ < m < ki . . . kn^ in the second. In any 
event, the inductive hypothesis ensures that fm{s) = "Vm(i)- When rii 
is even, the definition l|5.2|l of "'^"'"^/^'(s) and "'^'^^ fm' (t) immediately gives 
(rti+i) j^^^g-j _ rii+ij^^^^^y When ni is odd, this is also true, as we have ex- 
cluded the possibility that ski . . . kn^ < m < tki . . . kn^ , so both these mini- 
mal projections must come from the same case of equation H5.4p . Therefore, 
the minimal projections ^^^^fm'{s) and "'^'^^ fm' (t) coincide whenever they 
are required to do so. 

We now examine what happens when precisely one of s and t lies in 
Ini+i \Ini- Take s in and t € Im+i \ Ini with s < t. As in the definition 
of 74„j+i(t), we write ttt-q = [tki . . . kn\ so that s < mo/ki . . . kn^. For 
< m < ski ■ ■ ■ ^ni+i, we have 

= "^+Vm((mo + l)/ki ...kn-,)= 

where the second equality is the definition, (|5.5jl . of ^'^^^ fm{t), and the 
first follows as the m-th minimal projections for A„^+i(s) and Ani+i((mo + 
l)ki...kn^) coincide by the case we analysed in the previous paragraph. 
When tki . . . fem+i < m < fci . . . fcm+i, we have 

the first equality being (|5.5|1 - the definition of "^'''^/m(i), and the sec- 
ond equality is H5.8|l for appropriate minimal projections of j4„^_|_i(s) and 
An^j^i{mo/ki . . . km), as m > moA;„^+i. These last two algebras may turn 
out to be the same, but then the minimal projections will certainly coincide. 
Interchanging the roles of s and t above ensures that the claim holds for 
Til -|- 1 whenever either s or t lies in /„j . 

We complete the proof by examining the situation when s,t € I-m+i \ 
Irii- Take s < t with s,t £ Ini+i \ Im- Suppose first that [ski ■ ■ ■ ^nj = 
[t/ci . . . A;„ J = niQ. In this instance the definition, H5.5p . of the minimal 
projections "^^^/m('S) and "^^^/m(i) ensures that these projections conincide 
for all m with < m < ski ■ ■ ■ ^m+i or tki ■ ■ ■ ^m+i < m < ki . . . /cm+i. 
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Finally, suppose that [ski . . . A;„ J = ttt-q < mi = [tki . . . fc„ J . Given m 
with < m < ski . . . K^+i, ensures that "i+Vm(s) = "'^'^^ fm{mo + 1) 
and "i+Vm(t) = '^^'^^fmirrii). Since m < ski . . . kn^+i < (mo+l)fci . . . kn^+i, 
the case when s,t € /„ (with s = mo + 1 and t = mi) ensures that 
"^+Vm(mo+l)= In conclusion, we have "1+1 /m(s) = 

as required. The case when tki . . . kn^^i < m < ki . . . is similar, and 

this completes the proof. □ 

Corollary 5.8. For s,t £ I we have 

\Kis)-^Ait)\L^,<2VW^\ 

Proof. We may assume that s < t. Let no be the maximum of no(s) and 
no{t). Let q be the projection of Proposition I5.7| so that A{s)q = A{t)q. 
The simple estimate 

\\^Ais)-^A(t)\\^^2 < 2||l-5ll2> 

can be found in part (i) of Theorem 6.5 in jTHj. As tr(l — q) = t — s, this is 
exactly what was claimed. □ 

We can now combine the results of this section to esablish Theorem 15.11 

Proof of Theorem, \5.1l For t £ I we take A{t) to be the Tauer masa produced 
in Construction 15. HI When t £ [0, 1] \/, we define A{t) by taking a sequence 
tn ^ t with each tn in the dense set of rationals I. The resulting sequence of 
masas {A{tn))'^=i then (ioo,2-Cauchy by Corollarv l5.8| and so converges to 
a masa A{t) in R. Recall that the set of all von Neumann subalgebras of R 
is a (ioo,2-complete metric space, and the subset of masas is closed, [2]. This 
masa is well defined, in that A{t) is independent of the choice of sequence t„ 
in I converging to t. An approximation argument extends Corollary 15.81 to 
show that doo,2iAs, At) whenever |s — t| — > 0. 

Furthermore each A{t) is singular, as this holds for t G / fLemma I5.4|l 
and the set of all singular masas is closed; again this can be found in 0. 
All the A{t) have Pukanszky invariant {1}; for t £ I this is Theorem 4.1 of 
[Tl] and Corollarv LS.HI then gives the result for general t. That T{A(t)) = t 
for every t £ [0, 1] follows first by observing that Lemma l5^ combines with 
Lemma to give the result for t £ I. Continuity gives the result for all t, 
this time in the form of Lemma 14.31 □ 
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